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Abstract 

Evolutionary multi-objective optimization methodologies have been amply applied to generate an 

approximation of the Pareto front. Nevertheless, this does not completely solve the problem since the 

Decision Maker (DM) still has to choose a single solution of that set. It is a task that becomes difficult 

when the number of criteria increases. In this paper, we present a new approach for incorporating the 

DM’s preferences into a multi-objective evolutionary algorithm. The preferences are expressed in a set of 

solutions assigned to ordered categories. Our proposal is called Hybrid Multi-Criteria Sorting Genetic 

Algorithm (H-MCSGA) which is a variant of the Non-dominated Sorting Genetic Algorithm 2 (NSGA2). 

Preliminary results show that, in examples with four objectives, the H-MCSGA has a better performance 

than NSGA2. 

 

Keywords: multi-objective optimization; implicit preference; multi-criteria sorting. 

 

 

1  Introduction 
 

Most real world optimization problems often involve multiple criteria to be minimized or maximized 

simultaneously [7, 5]. As a result of the conflicting characteristics of the criteria, it is not possible to 

achieve a single optimum, and, consequently, the ideal solution of a Multi-objective Optimization 

Problem (MOP) cannot be reached. As was stated by Fernandez et al. in [10], to solve a MOP implies to 

find the best compromise solution corresponding to the Decision Maker’s (DM’s) preferences. Unlike 

single objective problems, where there is a single global optimum, the resolution of a MOP gives rise to a 

set of compromise solutions that when plotted in objective space is known as the Pareto front o the Pareto 

frontier. 

 

Multi-Objective Evolutionary Algorithms (MOEAs) are attractive to solve MOPs because they deal 

simultaneously with a set of possible solutions (the MOEA’s population) that allows them to get an 
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approximation of the Pareto frontier in a single run of the algorithm. Nevertheless, obtaining this set does 

not totally resolve the problem since the DM still has to determine the best compromise solution out of 

that set. According to Deb in [8] and Fernandez et al. in [10, 12], one aspect that is often careless in the 

MOEAs’ literature is the fact that the solution of the problem involves not only the search, but also the 

decision making process. This is not a complicated task when dealing with problems having a few 

objectives (2 or 3), but it becomes difficult when the number of objectives increases. That is because all 

the compromise solutions are mathematically equivalent. 

 

In order to make the decision making phase easier, the DM would agree with incorporating his/her 

preferences into the search process. Such information can be supplied before, after or during the 

optimization process [10]. This preference information is used to guide the search towards the portion of 

the Pareto front that satisfies the DM’s preferences, which is called the Region Of Interest (ROI) [1].  

 

The paper is structured as follows: related works are briefly reviewed in Section 2. Some background is 

given in Section 3. Our proposed approach to incorporate preferences in an a priori way is described in 

Section 4; followed by some experiments and results in Section 5. Finally, conclusions are discussed in 

the last Section. 

 

2  Related work 
 

The DM’s preference information can be expressed in an explicit or implicit way. According to Bechikh 

[2], the following are the most commonly used preference expressions. 

 

Structures used in the explicit preference representation: 

 

 Weights. The DM assigns to each objective a weighting coefficient expressing its importance. 

 Solution ranking. The DM is provided with a subset of the current MOEA’s population to perform 

pair-wise comparisons between pairs of solutions in order to rank the sample’s solutions. 

 Objective ranking. Pair-wise comparisons between pairs of objectives in order to rank the set of 

objective functions. 

 Reference point. The DM supplies the desired level to be achieved by each objective. 

 Reservation point. The DM supplies the accepted level to be reached for each objective. 

 Trade-offs between objectives. The DM identifies acceptable trade-offs between objective functions. 

 Outranking thresholds: The DM supplies the model’s parameters to build a fuzzy outranking relation. 

 Desirability thresholds: The DM supplies some parameters to construct a desirability function. 

 

In accordance with Bechikh [2], there exist specific points of the Pareto front that could represent 

implicitly preferred parts for the DM. These elements are: 

 

 Knee regions. These are parts of the Pareto front presenting the maximal trade-offs between the 

MOP’s objectives. Solutions of the knee regions are identified by the fact that a small improvement in 

one objective generates a large deterioration in at least one other objective. Among the studies 

reported in the literature are Das in [6], Branke et al. in [3] and Rachmawati and Srinivasan in [16]. 

 Nadir and ideal point. A nadir point is a vector composed with the worst objective values in the Pareto 

optimal front. The Pareto optimality is a fundamental requirement to the accurate resolution of the 

nadir point, and it becomes a complicated task when the number of objectives increments. Unlike the 

nadir point, the ideal point can be obtained by minimizing each objective singly over the feasible 



search space. Both points can be used to normalize the objective space which may help in decreasing 

the computational effort by solving the problem faster. Also, these points help the DM to know the 

range of the objective functions at the Pareto optimality facilitating the task of express his/her 

preferences. Some related studies are Isermann and Steuer in [14], Korhonen et al. in [15], 

Szczepanski and Wierzbicki in [20]. Finally, the exact estimation of the nadir point for problems with 

more than three criteria is still an open research problem. 

 

In this work, we present an alternative to incorporate implicit DM’s preferences into a multi-objective 

evolutionary algorithm. The preferences are expressed in a set of training examples. 

 

3  Background 
 

3.1  A model of preferences based on fuzzy outranking relations 

 

This model introduced by Fernandez et al. in [10] is based on the relational system of preferences 

described in [19]. The essential of the model is the degree of truth of the statement ‘x is at least as good as 

y’. This is represented as σ (x, y), and could be calculated using outranking methods from the literature, 

such as ELECTRE [18] and PROMETHEE [4]. The model identifies one of the following preference 

relations for each pair of solutions (x, y): 

 

 Strict preference: It corresponds to the existence of clear and well-defined reasons justifying the 

choice of the alternative x over the other. It is denoted as xPy. 

 Indifference: It corresponds to the existence of clear and positive reasons that the two alternatives have 

a high degree of equivalence. It is denoted as xIy. 

 Weak preference: It corresponds to a state of doubt between xPy and xIy. It is represented as xQy. 

 k-Preference: It corresponds to a state of doubt between xPy and xRy. It is represented as xKy. 

 Incomparability: It corresponds to the absence of clear and positive reasons that justify any of the 

above relations. It is denoted as xRy. 

 

Considering a set of feasible solutions O, the preferential system defines the following sets: 

 

 S is composed of the solutions that strictly outrank x. 

S(O, x) = {y ∈ O | yPx}         (1) 

 NS is known as the non-strictly-outranked frontier. 

NS(O) = {x ∈ O | S(O, x) = Ø}        (2) 

 W is composed of the non-strictly-outranked solutions that weakly outrank x. 

W(O, x) = {y ∈ NS(O) | yQx ∧ yKx}        (3) 

 NW is known as the non-weakly-outranked frontier. 

NW(O) = {x ∈ O | W(O, x) = Ø}        (4) 

 The net flow is defined as: 
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         (5) 

 F  is composed of non-strictly-outranked solutions that are greater in net flow to x.  

F(O, x) = {y ∈ NS(O) | Fn(y) > Fn(x)}        (6) 

 NF is known as the net-flow non-outranked frontier.  

NF(O) = {x ∈ NS(O) | F(O, x) = Ø}        (7) 

 



3.2  The THESEUS method 

 

The THESEUS method proposed by Fernandez and Navarro in [11], is a new approach based on fuzzy 

outranking relations to multi-criteria sorting problems. It is based on comparing a new object to be 

assigned, to a category previously defined, with reference objects through various preference relations. 

The proper assignment is determined by solving a simple selection problem. 

 

Let us consider the following premises:  

 

i. The DM can determine a finite set of ordered categories Ct = {C1,…, CM} (M ≥ 2), which (s)he 

judges for representing the quality of the solutions; CM represents the most preferred category. 

ii. The DM agrees with a decision policy defined on a subset O’ of feasible solution space O. Also 

should exist a function G: O’→Ct, such that G obtains the most proper assignment of each x ∈ O’.  

iii. The DM can to provide a set of reference objects or training examples T. This set is composed of 

elements bk,h ∈ O’ assigned to category Ck, (k = 1,...M). 

iv. The DM can to aggregate his/her preferences in a fuzzy outranking relation σ (x, y) on a subset of 

O×O and, it could be calculated using outranking multi-criteria methods (e.g. [10]). 

 

In the following, C(x) indicates a potential assignment of the object x to a certain category and C(b) is the 

real assignment of b. C(x) should satisfy the following implications: 

 

∀x ∈ O’, ∀b ∈ T 

xPb ⇒ C(x) ≿ C(b)          (8.a) 

bPx ⇒ C(b) ≿  C(x) 

 

xQb ⇒ C(x) ≿ C(b)          (8.b) 

bQx ⇒ C(b) ≿ C(x)                                                                

 

xIb  ⇒ C(x) ≿ C(b) ∧ C(b) ≿ C(x) ⇔ C(x) = C(b)      (8.c)  

 

Relations P, Q, I were described in Section 3.1. The symbol ≿ denotes the statement “is not worse than” 

on the set of categories, which is associated to the decision-aiding context. Note that the domain of C(x) is 

the set of ordered categories. The necessary consistency between the preference model, the reference set T 

and the proper assignment of x is expressed by Equations (8.a-c). THESEUS uses the inconsistencies (see 

Table 1) with Equations (8.a-c) to compare the possible assignments of x. 

 
Table 1. Information about inconsistencies. 

Inconsistency Set of inconsistencies for x and C(x) 

Cardinality of the 

set of 

inconsistencies 

P DP = (x,b), (b,x), b ∈ T such that  (8.a) is FALSE nP 

Q DQ = (x,b), (b,x) b ∈ T such that  (8.b) is FALSE nQ 

I DI = (x,b), b ∈ T such that  (8.c) is FALSE 

The I-inconsistencies can be classified by ‘discontinuity’ based on the 

categories as follows: 

 Second-order. The cases in which xIb ∧ | k – j | = 1. They are grouped 

in the set D2I. 

 First-order. The set D1I  = DI  – D2I. 

n2I, n1I 

respectively 



In order to compare the importance of different kinds of inconsistencies, they are incorporated in N1 and 

N2, which are defined as N1 = nP + nQ + n1I and N2 = n2I. THESEUS recommends an assignment that 

minimizes the above inconsistencies with lexicographic priority favoring N1, which is the most important 

criterion (cf. [11]). The basic assignment rule of THESEUS is: 

 

1) Assign the minimum credibility level  > 0.5. 

2) Starting with k = 1 (k = 1,…,M) and considering each bk,h ∈ T, calculate N1(Ck). 

3) Identify the set {Cj} whose elements hold Cj = argmin N1 (Ck). 

4) Select 
* 2

{ }

( )
j

k i
C

C argmin N C  

5) If Ck* is a single solution, assign xj to Ck*; other situations are approached below. 

 

The suggestion of THESEUS may be only one or several categories. The case where THESEUS 

recommends only one category is called a well-defined assignment. Moreover, the case where the 

obtained solution emphasizes the highest (CH) and the lowest category (CL) fails in determining the most 

appropriate, therefore CL is regarded the proper category for assigning a new object. 

 

4  Proposed method 
 

In this paper we present a variant of the popular NSGA2, which is called Hybrid Multi-Criteria Sorting 

Genetic Algorithm (H-MCSGA). This approach is composed by two phases.  

 

Phase 1: Reference set construction. This phase uses a metaheuristic algorithm to find a sub-set of the 

Pareto frontier and construct from this, a reference set. In order to form the set, the DM should evaluate 

the solutions of the sub-set on a set of ordered categories. However, we propose to simulate to the DM 

using the preference model proposed by Fernandez et al. in [10] which was described in Section 3.1.  

 

Phase 2: Search process including preferences. Once that the reference set is created, this is used in the 

second phase which works like the NSGA2, with the following differences: 

 

a. Each solution of the first front of NSGA2 (the non-dominated front) is assigned by THESEUS to one 

category of the set Ct; 

b. The first front of NSGA2 is divided in M’≤ M sub-fronts; the first ranked sub-front contains the 

solutions that were assigned to the most preferred category; 

c. The fronts of the current NSGA2 population are re-ordered by considering each sub-front of the 

original non-dominated front as a new front; 

d. The same operations of NSGA2 are applied, but considering the new fronts; particularly, the NSGA2’s 

elitism concerns the new first front, which is now composed of non-dominated solutions belonging to 

the most preferred category. 

 

The ROI, in a MOP, should be integrated of solutions that belong to the most preferred category. In this 

work the ROI is characterized by solutions that fulfill two features: i) to be non-dominated and ii) to be 

assigned to CM. 

 

 

 

 



5  Experiments and results 
 

Case of study 

 

We addressed the project portfolio problem as an illustration to the application of H-MCSGA, where the 

DM must choose N different projects each with a direct social impact. The quality of each project is 

measured as the number of beneficiaries for each criterion that have previously been established. Each 

objective is associated with one of three social categories (Extreme Poverty, Poverty, Middle) and one of 

the three benefit level (High, Middle, Low). There is a total budget that the organization is willing to 

invest which is considered as a constraint. The total budget is 80,000 dollars. Other budget constraints are 

imposed according to project nature (area) and according to the location of their impact (region). In this 

case, we are considering three areas and two regions. The financial support allocated to each area should 

be between 19% and 60% of the total budget. The budget allocated to support each region should be 

between 29% and 85% of the total budget. In this problem, the only accepted solutions are those that 

satisfy all the constraints previously mentioned. 

We experimented with one random instance, considering the characteristics described above, which was 

run ten times. Information about instance and model’s parameters are shown in Table 2. The parameters 

can be performed by the DM or be inferred by an indirect elicitation method [13, 9].  

 

Phase 1. In the first phase of the H-MCSGA, the Ant Colony Optimization Algorithm (ACO) by Rivera 

et al. [17] was used to find a sub-set of the Pareto frontier. This algorithm incorporates preferences by 

using the outranking model from [10]. The ACO parameters were the same as those reported in [17], but 

we neither used local search nor considered synergy. The solutions were categorized by simulating the 

DM whose preferences are compatible with the outranking model from [10]. The categories considered in 

the reference set are {bad, acceptable and good}. The reference set was constructed following the next 

steps: 

 

1. Run ACO to find a set A of solutions including an approximation of the Pareto frontier. 

2. Create the bad category with those solutions that satisfy |S(A, x)| ≠ 0 (Eq. 1), that is, solutions that are 

strictly outrank. 

3. Create the acceptable category with those solutions that satisfy |W(A, x)| ≠ 0 (Eq. 3), that is, solutions 

that are weakly outrank. 

4. Create the good category with those solutions that satisfy |S(A, x)| = 0 (Eq. 1) and |W(A, x)| = 0 (Eq. 3), 

that is, belonging to the non-strictly and non-weakly outranked frontier in A. 

 

Phase 2. In the second phase, the parameters of the evolutionary search were: crossover probability = 1; 

mutation probability = 0.05; population size = 100, number of generations = 500.  

 
Table 2. Information about instance and model’s parameters. 

Instance description 
Model’s parameters 

Weights Veto thresholds Indifference thresholds 

4 objectives 

25 projects 
27, 14, 27, 32 11000, 8500, 550, 700 1500, 1200, 75, 75 

 

This experiment was run twice. The obtained results in the first test are illustrated in Table 3. We can see 

that the H-MCSGA shows a slightly better performance than the NSGA2. The H-MCSGA always holds 

its solutions as non-dominated and, few times dominates the 1% of the NSGA2 solutions (Column 4). It is 

noteworthy that there are few elements in the H-MCSGA solution set (Column 3). For this reason, in the 



second test, we analyzed if using a bigger reference set helps to increment the size of the H-MCSGA 

solution set. The results are shown in Table 4. As can be seen, it was possible to increase the size of the 

solution set of H-MCSGA (Column 3). Furthermore, in almost all the iterations, the H-MCSGA 

dominates some solutions of the NSGA2. It dominates until 11% of solutions. On the other hand, the H-

MCSGA always keeps its solutions as non-dominated (Column 4).  

These experiments reveal that both algorithms find solutions of the best category, but with the difference 

that only our proposal satisfies the ROI conditions because it always finds non-dominated solutions of the 

most preferred category. 

 
Table 3. First test results between NSGA2 and H-MCSGA.  Table 4. Second test results between NSGA2 and H-MCSGA. 
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Algorithm 
Size of the 

solution set 

Solutions that 

remain 

non-dominated 

in A ∪ B 

Obtains 

solutions 

of the 

preferred 

category 
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Algorithm 
Size of the 

solution set 

Solutions that 

remain 

non-dominated 

in A ∪ B 

Obtains 

solutions 

of the 

preferred 

category 

1 
NSGA2 78 77   

1 
NSGA2 92 85 

H-MCSGA 4 4   H-MCSGA 21 21 

2 
NSGA2 85 85   

2 
NSGA2 78 78 

H-MCSGA 1 1   H-MCSGA 15 15 

3 
NSGA2 83 83   

3 
NSGA2 82 78 

H-MCSGA 1 1   H-MCSGA 14 14 

4 
NSGA2 82 82   

4 
NSGA2 88 87 

H-MCSGA 1 1   H-MCSGA 16 16 

5 
NSGA2 88 88   

5 
NSGA2 88 82 

H-MCSGA 2 2   H-MCSGA 25 25 

6 
NSGA2 76 75   

6 
NSGA2 81 81 

H-MCSGA 7 7   H-MCSGA 14 14 

7 
NSGA2 81 81   

7 
NSGA2 78 75 

H-MCSGA 1 1   H-MCSGA 23 23 

8 
NSGA2 83 83   

8 
NSGA2 83 80 

H-MCSGA 1 1   H-MCSGA 24 24 

9 
NSGA2 79 79   

9 
NSGA2 85 76 

H-MCSGA 1 1   H-MCSGA 27 27 

10 
NSGA2 85 85   

10 
NSGA2 81 80 

H-MCSGA 1 1   H-MCSGA 23 23 

Note: A is the set of solutions obtained by NSGA2; B is the set obtained by H-MCSGA. 

 

6  Conclusions 
 

We have presented a new way to incorporate the DM’s preferences into multi-objective evolutionary 

optimization. The preferences are captured in a reference set of solutions assigned to ordered categories. 

Using this knowledge in a multi-criteria sorting method, each new solution obtained by the search process 

can be assigned to one of those categories. Our proposal is basically a derivation from the standard 

NSGA2 but making selective pressure towards the Region of Interest instead the Pareto front. 

In examples with four objectives, this proposal is able to dominate some solutions of the NSGA2. Also, 

good solutions are identified by the algorithm, and a convenient selective pressure towards the ROI is 

performed. We observed that the capacity of a reference set for making suitable assignments is closely 

related to a good characterization of the categories. The results presented here are very preliminary, but 

they are quite encouraging. More experimentation and statistical analyses, in the same context and with 

many objectives, are necessary to appropriately assess the merit of our proposal and to achieve definitive 

conclusions. 
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